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Abstract. If C is the model category of simplicial presheaves on a site with 
enough points, with fibrations equal to the global fibrations, then it is well- 
known that the fibrant objects are, in general, mysterious. Thus, it is not 
surprising that, when G is a profinite group, the fibrant objects in the model 
category of discrete G-spectra are also difficult to get a handle on. However, 
with simplicial presheaves, it is possible to construct an explicit fibrant model 
for an object in C, under certain finiteness conditions. Similarly, in this paper, 
we show that if G has finite virtual cohomological dimension and X is a discrete 
G-spectrum, then there is an explicit fibrant model for X. Also, we give several 
applications of this concrete model related to closed subgroups of G. 



1. Introduction 

In this paper, G always denotes a profinite group and, by "spectrum," we mean 
a Bousfield-Friedlander spectrum of simplicial sets. In particular, a discrete G- 
spectrum is a G-spectrum such that each simplicial set Xk is a simplicial object in 
the category of discrete G-sets (thus, the action map on the ^-simplices, 

G X {Xk)i ^ {Xk)i, 

is continuous when {Xk)i is regarded as a discrete space, for all / > 0). The category 
of discrete G-spectra, with morphisms being the G-equivariant maps of spectra, is 
denoted by Sptg. 

As shown in [31 Section 3] , Sptg is a simplicial model category, where a morphism 
/ in Sptg. is a weak equivalence (cofibration) if and only if / is a weak equivalence 
(cofibration) in Spt, the simplicial model category of spectra. Given X G Spt^,, the 
homotopy fixed point spectrum X^*^ is the total right derived functor of fixed points: 
X'"-^ — {X^ q)'^, where X — > X^c is a trivial cofibration and Xjq is fibrant, all 
in Sptg. This definition generalizes the classical definition of homotopy fixed point 
spectrum, in the case when G is a finite group (see [3l pg. 337]). 

Notice that we can loosen up the requirements on Xf^a- H X ^ X^ is a weak 
equivalence, with X^ fibrant, all in Sptg, then, by the right lifting property of a 
fibrant object, there is a weak equivalence X/,g ~^ in Spt^, so that 

is a weak equivalence. Thus, we can identify X^'^ and {X^)'^ ^ and, hence, we only 
need a fibrant replacement X^ to form X'^'^ . Henceforth, we relabel any such X^ 
as Xf,Q and refer to it as a globally fibrant model for X. (Thus, from now on, 
X — > Xf^G does not have to be a cofibration.) 

The preceding discussion shows that a globally fibrant model X/,g is an impor- 
tant object. Of course, the model category axioms guarantee that X/,g always 
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exists. But it is reasonable to ask for more. For example, in Spt, there is a functor 

Q:Spt^Spt, Z^Q{Z) = Zf, 
where Zf is a fibrant spectrum, 

(Zf)fc =colimr!"(Ex°°(Zfc+„)), 

n 

and there is a natural weak equivalence Z ^ Zf (see, for example, [131 Pg- 524]). 
Hence, for the model category Spt, there is always an explicit model for fibrant 
replacement. Similarly, it is natural to wonder if an explicit model for Xf^a is 
available. 

But there is a difficulty with this. Let G—SetSdf be the Grothendieck site of finite 
discrete G-sets (e.g., see [9( Section 6.2]). There is an equivalence between Sptg 
and the category of sheaves of spectra on G — Sets^/ (the discrete G-spectrum X 
corresponds to the sheaf of spectra Hom(3(— , X); see [31 Section 3] for details), and 
it is well-known that, in general, for categories of simplicial presheaves, presheaves 
of spectra, and sheaves of spectra, there is no known explicit model for a globally 
fibrant object. In fact, the situation is such that [7, pg. 1049] says that "[t]he 
fibrant objects in all of these theories continue to be really quite mysterious" (a 
similar statement appears in ^10. between Corollary 19 and Definition 20]). 

Nevertheless, under certain hypotheses, explicit models for globally fibrant ob- 
jects are available in the cases of simplicial presheaves and presheaves of spectra. 
Such results are based on Jardine's result in [11] Proposition 3.3], which constructs 
an explicit globally fibrant model for a simplicial prcsheaf P on the site et\s, where 
P and the scheme S must satisfy certain finiteness conditions (and other hypothe- 
ses). For example, under similar finiteness conditions, 12, Proposition 3.20] follows 
the proof of Jardine's result to obtain a concrete globally fibrant model for a presheaf 
of spectra on a site with enough points. 

Now suppose that G has finite virtual cohomological dimension (see Definition 
14. ip and that X is a discrete G-spectrum. In this paper, we show that there is an 
explicit model for Xf^Q, by expressing the homotopy limit for diagrams in Sptg. 
in terms of the homotopy limit for diagrams in Spt (see Theorem 12. 3p and by 
modifying the proof of [31 Theorem 7.4] (which applies the two results cited above, 
[TTi Proposition 3.3] and [T^ Proposition 3.20]). We refer the reader to Theorem l4.2l 
for the precise statement of our main result; its formulation depends on definitions 
that are given in Section [3l 

Let H he a. closed subgroup of G. If F ^ Z is a weak equivalence in Spt^, such 
that F is a globally fibrant model for X in Sptg and Z is a globally fibrant model 
for X in Spt^, then we label the map Y ^ Z a.s r'^. Note that the map 

Xf,G {Xf^G)f,H, 

a weak equivalence in Spt^, can be labelled as so that r§ always exists. In 
Corollarv l4.71 we show that the explicit globally fibrant model constructed in The- 
orem |4?2] yields an explicit model for rj^ (where, as before, we assume that G has 
finite virtual cohomological dimension). 

Section [51 explains that, when iJ is a closed normal subgroup of G and X is 
a discrete G-spectrum, there are cases when X'^^ , unlike X^ , is not known to 
be a G/i/-spectrum. In CoroUarv 15.41 we point out that, if G has finite virtual 
cohomological dimension, then Theorem 14. 21 implies that X^^ can always be taken 
to be a G/7J-spectrum. 
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Throughout this paper, U <o G means that U is an open subgroup of G. 
Acknowledgements. I thank Mark Hovey for a helpful conversation. 

2. HOMOTOPY LIMITS IN THE CATEGORY OF DISCRETE G-SPECTRA 

To explicitly construct the desired fibrant discrete G-spectrum, we first need to 
understand homotopy limits in the category of discrete G-spectra. Thus, we begin 
this section by following the presentation in [8] to give the general definition of the 
homotopy limit of a C- diagram ) in A^, where is a simplicial model category 
and X[—) is a diagram in Ai indexed by a small category C. 

Recall that, for a small category C, the classifying space of C is the simplicial set 
BC, with ^-simplices {BC)i equal to the set of compositions 

Co — > Ci > ■ • • > Cl 

in C (see, for example, [81 Definition 14.1.1] for the definition of the face and de- 
generacy maps) . 

Definition 2.1 ([8l Definition 18.1.8]). As above, let he a. simplicial model 
category and let C be a small category. Also, let X — X{~) be a C-diagram in A^; 
that is, X is a functor C — > A^, so that, for example, if c — > d is a morphism in 
C, then X{c) — > X{d) is a morphism in M.. Then the homotopy limit of A in Al, 
holim^ A, is defined to be the equalizer of the diagram 

Y{.^,x{cr(^i'^)^Y[^.^^,x{drci'^) , 

where the second product is indexed over all the morphisms in C. Here, the map a 
is defined as follows: the projection of a onto the factor indexed by ct : cq — > ci is 
equal to composing the projection 

Yl^^^Xic)^^^^'^) ^ X{c^)B(c^--) 

with the canonical map A(co)^('^^'=''^ X{ci)^'^'^^''°\ The map /3 is defined by 
letting the projection of [3 onto the factor indexed by a be given by composing the 
projection 

with the canonical map A(ci)-^(''^'^i) — > X{ci)^'^^^'^°^ that is induced by the map 
S(Cico) ^B(Cici). 

Remark 2.2. Note that the homotopy limit is an equalizer of a diagram involv- 
ing products and cotensors, and, given a simplicial set A, the cotensor functor 
(— )^: A( M is a right adjoint. Hence, the homotopy limit holim^(— ) com- 
mutes with limits in Ad. 

If A and Z are C-diagrams in Sptg. and Spt, respectively, then we use the 
less cumbersome holim^ A and holimc Z to denote holim^^**^ A and holim^"^' Z, 
respectively. As in Definition 12.11 given c G C, A(c) is the object in A4 that is 
indexed by c in the diagram A. 

Theorem 2.3. If X is a C-diagram in Spt^., then there is an isomorphism 

holim^ A ^ colim(holim A)^. 

C JV<I„G C 
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Proof. For each c E C, let Be denote the simplicial set B{C ic). Given a discrete G- 
spectrum Y and a simplicial set K, let {Y^)g and denote the cotensor objects 
in Sptg and Spt, respectively. Also, let Yl and Y[ denote products in Spt^ and 
Spt, respectively. Then, by Definition 1 2. 11 holim^ X is the equalizer of the diagram 

in Sptg.. 

To go further, we note how limits and cotensors in Sptg are formed. Recall from 
[21 Remark 4.2] that, if {YqIq is any diagram in Sptg, then the limit of this diagram 
in the category Spt^ is colim7v<oG(liiiiQ Ya)^ , where the limit in this expression is 
taken in the category of spectra. The colimit in this expression, and others like it, 
can be taken in the category of spectra, since the forgetful functor Sptg — > Spt is a 
left adjoint, by [31 Corollary 3.8]. Given a discrete G-spectrum Y and a simplicial 
set K, the spectrum Y^ can be regarded as a G-spectrum (but not necessarily a 
discrete G-spectrum), by using only the G-action on Y. Then 

{Y^)g = colim(y^)^ 

N<laG 

(e.g., see [SI (1.2.2)] and TT, pg. 42]). We apply these observations as follows. 
First of all, note that holim^ X is the equalizer in Spti^r of the diagram 

colim(n.ec(^(c)^OG)^ ^ '^o^MH.: c^,(^(rf)^OG)^ . 



Furthermore, let 5 be a G-set (but not necessarily a discrete G-set) and let U be 

JAf<loG ' 



an open normal subgroup of G. Then it is clear that (lJAr<i g*^^)^ ■ Since 

U G{N\N <io G}, S'^ C UAr<„G S'^, and, hence, S'^ C {[jN<„G S^)'^- Thus, we 
can conclude that 

JN<aG 



Similarly, if y is a G-spectrum, 

Y" = (colimF^)'^. 

N<laG 

Therefore, 



iUceci^ic)''^)Gr - neec(colim(X(c)^0^)^ = DcecC^W^O^, 
and, similarly, 



The preceding two isomorphisms imply that holim^ X is isomorphic to the equal- 
izer in SptQ of the diagram 

Thus, holim^ X = colimAr<|^(3 5^, where £ is the equalizer in Spt of the diagram 
colim^^„G(ncec^(c)^^ ^n.: e^,X{d)^^)^, 



where a' and /?' are the maps in the equalizer diagram for holimc X. 
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Since filtered colimits and finite limits commute, 8 = colimAr<|^G(^')^i where S' 
is the equalizer in Spt of the diagram 

p 

Notice that £' — holimc X . 

If U is an open normal subgroup of G, then (holimc XY' is a G/C/-spectrum, so 
that colimAr<|^g (holimc X)^ is a discrete G-spectrum. Also, given Y e Spt^, there 
is an isomorphism colim7v<„G — Y . Therefore, putting our various observations 
together, we obtain that 

holim^X = colimf^ = colim(colim (f)^')^ 

C Af<<,G Af<oG Af'<<,G 



colim(£') = colim(holimX)^ 

Af'<oG Af<loG C 



□ 



If X is a C-diagram of fibrant discrete G-spectra (that is, X{c) is fibrant in Spt^, 
for all c S C), then holim^ X is a fibrant discrete G-spectrum, by [8, Theorem 18.5.2 
(2)], so that Theorem 12.31 gives the following result. 

Corollary 2.4. If X is a C-diagram of fibrant discrete G-spectra, then the spectrum 
colimjv<ioG(hol™c ^)''^ a fibrant discrete G-spectrum. 

We conclude this section with some observations about Corollarv l2.4l 

Definition 2.5. If P is a C-diagram of presheaves of spectra on the site G— Sets^/, 
then there is a presheaf of spectra holimc defined by 

(holimP)(S') = holimF(5), 

for each S G G — Sets^/. 

Let X be a C-diagram in Sptg. Then it is natural to form the presheaf of spectra 
holimc Home (—, X). Also, let 

T = IIomG(— , colim(holimX)^), 

N<iaG C 

the canonical sheaf of spectra on the site G — Sets^/ associated to the spectrum 
colimjv<|^G(holimc X)^ that is considered in Corollary 12.41 

The following lemma says that the presheaf holimc Home (—, -'^) is actually a 
sheaf of spectra, since it is isomorphic to T. 

Lemma 2.6. If X is a C-diagram of discrete G-spectra, then the presheaves of 
spectra T and holimc HomG'(— , AT) on the site G — Sets^/ are isomorphic. 

Proof. Let S* be a finite discrete G-set: S can be identified with a disjoint union 
\XjLiG/Uj, where each Uj is an open subgroup of G. Notice that the collection 
{N}N<aG of open normal subgroups of G is a cofinal subcoUection of the collec- 
tion {U}u<aG of open subgroups of G, so that, if F is a G-spectrum, there is an 
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isomorphism colimAr<|^G — colimt/<^G of G-spectra. Hence, 
^(5) ^ nr-i(colim(holimX)^)^^ 

^ holimHomG(S',X), 

where the third isomorphism is due to the fact that Uj € {U \ U <o G} (as in the 
proof of Theorem 12. 3p and the last isomorphism apphes Remark 12.21 This chain of 
isomorphisms shows that there is an isomorphism T{S) = hohm^ Y^otciq^S, X) that 
is natural for S G Sets^/, so that T and holimc HomG(— , X) are isomorphic 
presheaves of spectra. □ 

Remark 2.7. Let X be a C-diagram of fibrant discrete G-spectra. Then the asser- 
tion of Corollarv l2.4l that colimAr<|^G(holimc X)^ is a fibrant discrete G-spectrum 
is equivalent to claiming that is a globally fibrant presheaf of spectra (see [3l pg. 
333]). Also, by Lemma [2.61 to show that !F is globally fibrant, it suffices to show 
that holimc HomG(— , X) is a globally fibrant presheaf. This can be done by adapt- 
ing [ill Proposition 3.3] and [31 Lemma 7.3], since HomG(— is a C-diagram 
of globally fibrant presheaves of spectra. This gives a somewhat different way of 
obtaining Corollary [231 



3. The explicit construction of a fibrant discrete G-spectrum 



In this section, we use Corollary 12.41 to construct the fibrant object in Sptg. 
that is our primary object of interest. We begin with several definitions that are 
standard in the theory of discrete G-modules and discrete G-spectra. 

Definition 3.1. If A is an abehan group with the discrete topology, let MaP(,(G, A) 
be the abelian group of continuous maps from G to A. If Z is a spectrum, 
one can also define the discrete G-spectrum Mapc(G, Z), where the ^-simplices 
(Mapj,(G, Z)k)i of the fcth simphcial set of the spectrum Mapc(G, Z) are given by 
Mapj,(G, {Zk)i), the set of continuous maps from G to {Zk)i- Here, {Zk)i is given 
the discrete topology and the G-action on Mapj,(G, Z) is induced on the level of 
sets by (5 • /)(.g') = f{g'g), for g,g'eG and / e Map,(G, (Z^),), for each A;,; > 0. 
This action also makes Map^(G, A) a discrete G-module. 

Definition 3.2. Consider the functor 

Fg : Sptc ^ Sptc, X ^ Tg{X) = Map,(G, X), 

where rG(^) has the G-action given by Definition l3.II As explained in \^ Definition 
7.1], the functor Fg forms a triple and there is a cosimphcial discrete G-spectrum 
TqX, where, for all n > 0, 

(F^X)" GSMap,(G"+\A:). 

Here, the spectrum Mapc(G""'"^, X) is defined as in Definition 13.11 since the carte- 
sian product G"'^^ is a profinite group, and its discrete G-action is given by the 
G-action on the constituent sets that is given by 

(g ■ /)(5l,52,53, •■•,5n+l) = 1(919,92,93, ■■■,9n+l)- 
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The next definition restates Definition 13.21 in the context of discrete G-modules 



Definition 3.3. Let DMod(G) be the category of discrete G-modules. Then, as in 
Definition 13.21 there is a functor 



To ■■ DMod(G) -> DMod(G), M ^ Tg{M) = Map^(G, M), 
and, given a discrete G-module M, there is a cosimpficial discrete G-module TqAI. 
Definition 3.4 ([21 Remark 7.5]). Given a discrete G-spectrum X, let 

X = colim(X^)f. 

A'<loG 

Notice that X is a discrete G-spectrum, since functorial fibrant replacement in Spt 
(see the Introduction) implies that each {X^)f is a G/A^-spectrum. Also, X is 
fibrant as a spectrum and there is a weak equivalence 

X = colimX^ colim(X^)f = X 

that is G-equi variant. 

We define some useful terminology. If X* is a cosimplicial object in Spt^, then 
X* is a cosimplicial discrete G-spectrum. If X* is a cosimplicial discrete G-spectrum 
such that X" is a fibrant discrete G-spectrum, for all n > 0, then X* is a cosimplicial 
fibrant discrete G-spectrum. 

The following result defines the explicit globally fibrant object that is of partic- 
ular interest to us. 

Theorem 3.5. Let G be a profinite group, and let H be a closed subgroup of G. If 
X is a discrete G-spectrum, then the discrete H-spectrum 



colim(holimr^X) 



K 



is fibrant in the model category of discrete H-spectra. In particular, the discrete 
G-spectrum 



colim(holim TrX) 



N 



is fibrant in Spt^.. 



Proof. By CoroUarv 12.41 we only need to show that TqX is a cosimplicial fibrant 
discrete _ff-spectrum. By ^14. Proposition 1.3.4 (c)], there is a homeomorphism 
h: H xG/H ^ G that is iJ-equi variant, where H acts on the source by acting only 
on the factor H and G/H is the profinite space G/H = Huin^^g G/NH. 

Given a spectrum Z and a profinite space W = lima Wa , where each Wa is a 
finite discrete space, as in Definition 13. 1[ we can form the spectrum Mapj,(W,Z), 
where (Mapj,(PF, Z)k)i = Map^(VF, {Zk)i), and there is an isomorphism 

Map,(I¥,Z) -cohmJl^gw^^. 

Thus, 

(3.6) Map,(G/iI, X) - cohm Ug/nh ^- 

Since filtered colimits commute with finite limits, 

Ug/nh^- Ug/nh ^9ij^^(^)^' - colim(nG/iVH^)^'' 
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and it follows that Map^{G/ H, X) is a discrete G-spectrum, with G acting only on 
X. Therefore, by applying the honieoniorphisni h, there is an isomorphism 

(3.7) Map^CG, X) ^ Map^(i?, Map^(G/if, X)) 

of discrete iJ-spectra. 

Recall from [31 Corollary 3.8] that if Z is a fibrant spectrum, then Ma.p^{H, Z) 
is a fibrant discrete if-spectrum. Also, since X is a fibrant spectrum, the product 
YIg/nh-^ is also a fibrant spectrum, so that, by ()3.6p . Ma.p^{G/H,X) is fibrant 
in Spt. Then, by applying these observations to p.7p . we obtain that Map^{G, X) 
is a fibrant discrete iJ-spectrum. Hence, Ma.p^{G,X) is a fibrant spectrum, by [3l 
Lemma 3.10], so that Ma,p^{G,Map^{G, X)) is a fibrant discrete i?-spectrum, by 
applying the previous argument again. Thus, iteration of this argument shows that 
TqX is a cosimplicial fibrant discrete //-spectrum. □ 

4. Completing the proof of the main result 

In this section, we finish the proof of the main result. Also, we discuss several 
consequences of having a concrete model for ^/,Gi given a discrete G-spectrum X. 

Definition 4.1. Let H*{G;M) denote the continuous cohomology of G with co- 
efficients in the discrete G-module M. Then a profinite group G has finite virtual 
cohomological dimension (or finite vcd) if there exists an open subgroup H oi G 
and a non- negative integer m, such that H^{H; M) = 0, for all discrete iJ-modules 
M and all s > m. 

Many of the profinite groups that one works with, in practice, have finite vcd. 
For example, if G is a compact p-adic analytic group, G has finite vcd (see the 
discussion in [3l pg. 330]). 

Let X he a discrete G-spectrum. Then there is a G-equivariant monomorphism 
i: X Map^{G, X) that is defined, on the level of sets, by i{x){g) = g ■ x. Then i 
induces a map X of cosimplicial discrete G-spectra, where, here, X is the 

constant diagram. Thus, the composition 

X ^ X ^ \imX holimX ^ holimF^X 

A A A ^ 

of canonical maps defines the G-equivariant map 

ip: X ^ hohmr^X 

(the canonical map limA X holimA X is defined in \^ Example 18.3.8 (2)]). 
Note that there is a homotopy spectral sequence 

E'/ - TT^intir'aX)) => 7rt_,(hohmr^X), 

where £'2'* = ''^t{X) and — 0, when s > 0, by O Section 7]. Thus, the spectral 
sequence collapses, so that the map ^ is a weak equivalence. 

Now let iJ be a closed subgroup of G. Then X is a discrete /f-spectrum, so that 
X = colimi<-^^ff A"^. Composing this isomorphism with the map co\imx<i„H{4')^ 
gives the iJ-equivariant map 



A ^ colim(holimr^A) 



K 
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Now we show that if G has finite vcd, then is a weak equivalence. As mentioned 
in the Introduction, the proof (below) closely follows the proof of [3., Theorem 7.4], 
so that our proof will be somewhat abbreviated. Also, we should mention that the 
proof of ^3, Theorem 7.4] follows the arguments given in ^11. proof of Proposition 
3.3] and [HI Proposition 3.20]. 

Theorem 4.2. Let G have finite vcd, let X be a discrete G-spectrum, and let H 
be a closed subgroup ofG. Then the map 



X ^ colim(holimr^X) 



K 



is a weak equivalence in the category of discrete H-spectra, such that the target is 
a fibrant discrete H -spectrum. 



Proof. Because of the earlier Theorem [321 only have to prove that is a weak 
equivalence of spectra. 

Since H is closed in G, H also has finite vcd. Hence, H has a collection {U} of 
open normal subgroups such that (a) {U} is a cofinal subcoUection of {K}K<\aH 
(so, for example, H ~ Muiu H/U) and (b) for all U , H^{U; M) = 0, for all s > m, 
where m is some natural number that is independent of U, and for all discrete 
f7-modules M. Thus, 

(4.3) cohm(hohmr^X)^ = colim(holimr^X)^, 

so that, to show that ^' is a weak equivalence, it suffices to show that the map 
$: X ^ colim(holimr^X)'^ ^ colimholim(r^X)'^, 

induced by ^' and (|4.3|) . is a weak equivalence. 

Notice that each [/ is a closed subgroup of G. Then, for each U, (TqX)^ is a 
cosimplicial fibrant spectrum, so that there is a conditionally convergent homotopy 
spectral sequence 



(4.4) E'/iU) = n'ntiiT'aXf ) 7r,_,(holim(r^X)^^ 

with 



E'/{U)^H!{U;nt{X)) 

(these assertions are verified in the proof of |3l Lemma 7.12]). 

Since E2* {U) = whenever s > m, the £'2-terms E2* {U) are uniformly bounded 
on the right. Therefore, by [HI Proposition 3.3], taking a colimit over {[/} of the 
spectral sequences in (|4.4p gives the spectral sequence 



(4.5) E'/ = cohmH^{U; TTt{X)) ^ 7rt_,(cohmholim(r^X)^). 

Notice that 

E*/ - H:{lhnU;7Tt{X))^H:i{e};7rt{X)), 

which is isomorphic to TTt{X), concentrated in degree zero. Thus, spectral sequence 
(|4.5p collapses, so that, for all t, 7ri(colim[/ holimA(rgX)^) = TTt{X), and, hence, 
4* is a weak equivalence. □ 

Let X be a C-diagram of discrete G-spectra, where C is a small category. Then, 
by Theorem 12.31 there is a canonical map 

0(X, G) : holim^ X ^ colim(holimX)^ holimX 

C N<aG C C 
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that is G-equi variant. 

Corollary 4.6. Let G have finite vcd, let X be a discrete G-spectrum, and let H 
be a closed subgroup of G. Then the H-equivariant map 

(t>{r'c;X, H) : holim^ hoimiVaX 
is a weak equivalence in Spt. 

Proof. Notice that ijj — (t){TQX,H) o v]/. Then the desired conclusion follows from 
the fact that ^ and 5" are weak equivalences, where the latter fact is from Theorem 

sn □ 



In the Introduction, we pointed out that a weak equivalence r§ : Xf^c ^f,H 
in Sptj:^ always exists. The following result uses Theorem 14.21 to give a concrete 
model for r^. 

Corollary 4.7. Let G have finite vcd, let X be a discrete G-spectrum, and let H 
be a closed subgroup of G. Then there is a weak equivalence 

r%: colim(holimr^X)^ ^ colim(holimr^X)^ 

in Sptj:^, where the source of this map is a fibrant discrete G-spectrum and the 
target is a fibrant discrete H -spectrum. 

Proof. Let N be an open normal subgroup of G. Then A'^ n if is an open normal 
subgroup of H and, hence, there is a canonical map 

(hoUmr^X)^ ^ (hoHmr^X)^"^ ^ colim(hohmr^X)^. 

These maps, as N varies, induce the desired map, which is easily seen to be H- 
equivariant. In Spt^, the weak equivalence X colim/i:<|^^f (holimA TqX)^ is the 
composition of the weak equivalence X —> colimjv<]oG(holimA F^X)^ and r^, so 
that r^ is a weak equivalence. □ 



The following result is a special case of the fact that, if H is open in G, then a 
fibrant discrete G-spectrum is also fibrant as a discrete 7J-spectrum (see [U Lemma 
3.1] and Remark 6.26]). 

Corollary 4.8. Let G have finite vcd and let X be a discrete G-spectrum. If H 
is an open subgroup of G, then colim7v<„G(holimA(rQX))^, a fibrant discrete G- 
spectrum, is also a fibrant discrete H -spectrum. 

Proof. By Theorem 14. 21 the spectrum coliuiK <\aH O^olimAi^QX))^ is a fibrant dis- 
crete i?-spectrum. Thus, to verify the corollary, it suffices to show that this fibrant 
discrete i?-spectrum is isomorphic to colimjv<i„G(holimA(rQX))^ in Spt^if. 

Note that if U is an open subgroup of H, then U is also an open subgroup of G, 
so that 



{HnV\V <oG}^{U\U <o H}. 
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Also, {H nV\V <o G} and {N \ N <o G} are cofinal subcoUections of the set 
{V\V <o G}, so that 



cphm(holim(r^X))^ = colim(hohm(r^X))^ 

Hnv 



colim(holim(rGX))' 
cohm(hohm(r^X)) 



u 



= cohm(hohin(r^X))^. 

□ 

5. Understanding X'^'^ when H is closed, and not open, in G 



In this section, we use the exphcit fibrant model of Theorem 14.21 to improve 
(somewhat) our understanding of X^^ , for X E Spt^, when G has finite vcd and 
H is a closed non-open subgroup of G. 

In the Introduction, we pointed out that if L is any profinite group, Z G Spt^, 
Z Zf^L is a trivial cofibration, and Z Z^'^ is a weak equivalence, with ^/.l 
and Z^ -'^ fibrant - aU in Spt^, then Z'^^ = {Zf,L)^ (Z^ '^)^ is a weak equivalence, 
so that we can identify Z''^ and [Z^-^)^ . For the upcoming discussion, we make 
this identification explicit. 

Definition 5.1. If L is a profinite group and Z is a discrete L-spectrum, we define 
Z''^ = where Z Zf^L is a weak equivalence and Zf j, is fibrant, all in 

Spt^. 

Theorem 5.2. If G has finite vcd, H is a closed subgroup oJG, and X is a discrete 
G-spectrum, then 

X^'" ^ (hohm(r^l))^. 
Proof. By Definition 15.11 and Theorem 



X''" = (cohm(hohm(r^X))^)^. 



As in the proof of Theorem 12.31 since H is an open normal subgroup of itself, this 
expression simplifies to give the desired result. □ 

Remark 5.3. Suppose that the hypotheses of Theorem 15.21 are satisfied. In [31 
Remark 7.13], by using a different argument, we noted that there are certain 
weak equivalences that permit (holimA(rQX))^ to be taken as a definition of 
X*^H j^rp^ |-|g precise, [31 Remark 7.13] uses "X/^g" instead of X in the expression 
(holimA(rg.X))^, but it is not hard to see that the remark is still valid with X in 
place of "X/^G-") However, Theorem 15.21 puts this definition on firmer ground by 
showing that it comes from taking the i7-fixed points of a fibrant replacement for 
X. 

For this paragraph and the next, let X be a discrete G-spectrum and let H he a. 
closed proper normal subgroup of G, such that H ^ {e}. Then G/H is a profinite 
group and the H-fvxeA point spectrum X^ is a G/i/-spectrum. However, as noted 
in [U Sections 1 and 3], the corresponding situation is more complicated with H- 
homotopy fixed points. It is natural to expect X^^ to be a G//f-spectrum, but. 
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given an arbitrary fibrant replacement Xj^h (as guaranteed by the model category 
axioms), in general, there is no reason to assume that Xf^n carries a G-action, so 
that {Xf^n)^ need not be a G/iJ-spectrum. For example, if H has finite vcd, Xf jj 
can be taken to be colimx<„//(holimA(r^X))^, a discrete 7?-spectrum that is a 
G-spectrum only when additional hypotheses are satisfied. 

If H is open in G, then, as recalled at the end of the preceding section, Xf^c 
is a fibrant discrete i?-spectrum, so that X^^ = (Xj^g)^ is easily seen to be a 
G/iJ-spectrum. However, if H is not open in G, then the situation is much more 
complicated: it is natural to wonder if the map 

is a weak equivalence, but the evidence indicates that it does not have to be (even 
when G has finite vcd), since, for example, Xf^c is not known to be fibrant in 
Spt^. (There is no example known of (r'g)^ failing to be a weak equivalence, but 
there are several arguments indicating that there should be such examples - see [4j 
Sections 1, 3, and 4] and [1, Sections 3.5 and 3.6] for more discussion on this issue.) 
Thus, the theory of homotopy fixed points is faced with the undesirable fact that, 
in general, when H is not open in G, it is not known how to show that X^^ is 
a G/iJ-spectrum. However, Theorem 15 . 2 1 immediately implies the following result, 
for the case when G has finite vcd. 

Corollary 5.4. // G has finite vcd, with H a closed normal subgroup of G, and X 
is a discrete G-spectrum, then X^^ , when taken to he 

X'^" - (hohm(r^X))^, 

is a G / H -spectrum. 

In the context of Corollarv l5.41 it is natural to inquire about the G/iJ-homotopy 
fixed points of X^^ . But there are nontrivial issues involved here; we refer the 
reader to [Ij for more on this topic. 
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